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Abstract
In this paper, we study the fixed point set of a strongly continuous non-expansive semigroup S = {T (t): t ∈ S} of a semi-
topological semigroup S for which CB(S) is n-extremely left amenable. Also, we study the fixed point set of a strongly continuous
semigroup of mappings when S is a semigroup which is a sub-semigroup of a locally convex topological vector space with addition.
Some applications to harmonic analysis are also provided.
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1. Introduction
Throughout this paper we denote by N, Q and R the sets of all positive integers, all rational numbers and all real
numbers, respectively.
Let C be a nonempty closed convex subset of a Banach space E and let T be a non-expansive mapping of C into
itself, that is,
‖T x − Ty‖ ‖x − y‖
for all x, y ∈ C. We denote by F(T ) the set of fixed points of T .
Recently, Lau, Miyake and Takahashi [19] proved the following for a semigroup of non-expansive mappings in
Banach spaces: Let S be a left reversible semigroup. Let C be a compact convex subset of a Banach space and let
S = {T (t): t ∈ S} be a non-expansive semigroup on C. If z ∈ C, then the following statements are equivalent:
(i) z is a common fixed point of S = {T (t): t ∈ S}.
(ii) Tμz = z for some left invariant mean μ on AP(S).
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compact convex subset of a Banach space with uniformly Gâteaux differentiable norm.
On the other hand, Suzuki [23] proved that the fixed point set of a one-parameter τ -continuous semigroup is
determined by two mappings as following: Let {T (t): t  0} is a one-parameter τ -continuous semigroup of mappings
on a subset C of a Banach space. Let α and β be positive real numbers satisfying α
β
/∈ Q. Then,⋂
t0
F
(
T (t)
)= F (T (α))∩ F (T (β))
holds.
In this paper, we shall study in Section 3 the fixed point set of a strongly continuous non-expansive semigroup of
a semi-topological semigroup S for which CB(S) is n-extremely left amenable for a Banach space satisfying Opial’s
condition. The class of semi-topological semigroups S for which LUC(S) is n-extremely left amenable was originally
studied by Lau in [12] and [13] (see also [11,14] and [15]).
In Section 4, we shall study the fixed point set of a strongly continuous semigroup of mappings when S is a
semigroup which is a sub-semigroup of a locally convex topological vector space with addition.
As application of Theorem 4.3, we obtain in Section 5 a generalization of Suzuki’s result mentioned above. Some
applications to harmonic analysis are also provided.
2. Preliminaries
Let C be a nonempty subset of a Banach space E. A family S = {T (t): t ∈ S} is said to be a semigroup of mappings
on C if it satisfies the following:
(1) For each t ∈ S, T (t) is a mapping from C into itself.
(2) T (ts) = T (t)T (s) for each t, s ∈ S.
A family S = {T (t): t ∈ S} is said to be a non-expansive semigroup on C if it satisfies (2) and the following:
(1′) For each t ∈ S, T (t) is a non-expansive mapping from C into itself.
We denote by F(S) the set of common fixed points of S , i.e., F(S) =⋂t∈S F (T (t)).
Let S be a semi-topological semigroup, i.e., S is a semigroup with a Hausdorff topology such that for each a ∈ S
the mappings s → a · s and s → s · a from S to S are continuous. For a semi-topological semigroup S, a semigroup
S = {T (t): t ∈ S} is said to be strongly continuous on C if it satisfies the following:
(3) For each x ∈ C, the mapping s → T (s)x from S into C is continuous.
Let l∞(S) be the commutative Banach algebra of all bounded real-valued functions on S with the supremum
norm and pointwise multiplication. For s ∈ S and f ∈ l∞(S), we define elements lsf ∈ l∞(S) [rsf ∈ l∞(S)] by
(lsf )(t) = f (st) [(rsf )(t) = f (ts)] for each t ∈ S. Let A be a closed subalgebra of l∞(S) containing 1. An element
μ in A∗ is said to be a mean on A if ‖μ‖ = μ(1) = 1. As is well known, μ is a mean on A if and only if
inf
s∈S f (s) μ(f ) sups∈S
f (s)
for each f ∈ A. We often write μt(f (t)) instead of μ(f ) for μ ∈ A∗ and f ∈ A. Let A be ls -invariant [rs -invariant],
i.e., ls(A) ⊂ A [rs(A) ⊂ A] for each s ∈ S. A mean μ on A is said to be left [right] invariant if μ(lsf ) = μ(f )
[μ(rsf ) = μ(f )] for each s ∈ S and f ∈ A. We say that A is left [right] amenable if A has a left [right] invariant
mean. In particular, A is called extremely left [right] amenable if it has a multiplicative left [right] invariant mean
μ, that is, a left [right] invariant mean satisfying μ(fg) = μ(f )μ(g) for all f,g ∈ A. S is said to be [extremely] left
amenable if l∞(S) admits a [multiplicative] left invariant mean. When S is extremely left amenable (ELA), then every
extreme point of the set of left invariant means on l∞(S) is multiplicative (see [5]).
For any semi-topological semigroup S, let CB(S) denote the closed subalgebra of l∞(S) consisting of bounded
continuous functions on S. Denote ΔCB(S) be the set of multiplicative means on CB(S). Then, ΔCB(S) is precisely
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is n-extremely left amenable (n-ELA) if there exists a subset H of ΔCB(S), |H | = n, which is minimal with respect
to the property: l∗aH = H for all a ∈ S. Define on S the equivalence relation aEb iff l∗aϕ = l∗bϕ for all ϕ ∈ H , and
denote by S/H the factor semigroup defined by this equivalence relation (see [13]).
For any semi-topological semigroup S, let LUC(S) denote the space of bounded left uniformly continuous func-
tions on S, i.e., all bounded continuous functions f : S → R such that the mapping S → l∞(S), a → laf is continuous
when l∞(S) has the supremum norm topology. It is well known that LUC(S) is a translation invariant and closed sub-
algebra of CB(S) containing constants. Denote by ΔLUC(S) the set of multiplicative means on LUC(S). For any
semi-topological semigroup S, LUC(S) is n-extremely left amenable (n-ELA) if there exists a subset H of ΔLUC(S),
|H | = n, which is minimal with respect to the property: l∗aH = H for all a ∈ S. (See [13].)
We can check the following facts which are same as Lau [13] showed for the case LUC(S) is n-ELA.
Remark 2.1. (See [13].) (1) Let CB(S) be n-ELA. Then, S/H is a finite group of order n with the semigroup
S0 = {s ∈ S: l∗s ϕ = ϕ for all ϕ ∈ H } as the identity, and for any coset representative {a1, a2, . . . , an} of S/H ,
F = {a−11 S0, a−12 S0, . . . , a−1n S0} is the decomposition of S consisting of n disjoint open and closed subsets of S, where
a−1i S0 = {s ∈ S: ais ∈ S0}. Furthermore, the algebra CB(S0) = PCB(S) = {Pf : f ∈ CB(S)} has a multiplicative left
invariant mean, where Pf (s) = f (s) if s ∈ S0.
(2) Let CB(S) be n-ELA, and let H = {ϕ1, ϕ2, . . . , ϕn} ⊂ ΔCB(S) be minimal with respect to the property:
l∗aH = H for all a ∈ S. Then, 1n
∑n
i=1 ϕi ∈ coΔCB(S) is a left invariant mean on CB(S).
(3) Let ϕ = ∑ni=1 λiϕi ∈ coΔCB(S) (where ϕi distinct) be a left invariant mean on CB(S). Then, CB(S) is m-
ELA for some m, m  n. In fact, putting H = {ϕ1, ϕ2, . . . , ϕn}, we have l∗aH = H for all a ∈ S, and for any ϕi ,
H0 = {l∗aϕi : a ∈ S} ⊂ H is minimal with respect to the property l∗aH0 = H0 for all a ∈ S.
(4) Let CB(S) be n-ELA, and let σ be a coset representative of S/H . Let μ0 be a left invariant mean on PCB(S) =
CB(S0). Define μ ∈ CB(S)∗ by μ(f ) = 1n
∑
a∈σ l∗aP ∗μ0(f ) for all f ∈ CB(S). Then, μ is a left invariant mean on
CB(S).
A semigroup S is n-extremely left amenable if S is a discrete semigroup, CB(S) = l∞(S) is n-ELA. For n = 1, this
coincides with the class of ELA semigroups which has been studied by Mitchell in [20] and Granirer in [4] and [5].
Example 2.2. (1) Let S be a lattice where multiplication is defined by ss′ = s ∨ s′ for s, s′ ∈ S. Since ss′′ = s′s′′,
where s′′ = ss′, then S has a multiplicative left invariant mean (see [20]).
(2) Let S = {(m,n): m,n = 1,2, . . .} with the multiplication (m1, n1)(m1, n2) = (m1, n1 + n2) and
(m1, n1)(m2, n2) = (m2, n2)(m1, n1) = (m2, n2) if m1 < m2. Then, S is an abelian extremely amenable semigroup
with no idempotents (see [5]).
(3) If G is a locally compact topological group, then the only sub-semigroups S for which LUC(S) is n-ELA are
the finite subgroups of G of order n (see [6]). On the other hand, if G is the group of unitary operators on l2 with the
strong operator topology, then LUC(G) is 1-ELA (see [7]).
(4) Any finite group of order n is n-ELA, and any left amenable finite semigroup is n-ELA for some n. And, for a
ELA semigroup S and a group G of order n, S × G is also n-ELA (see [13]).
For s ∈ S, we can define the point evaluation δs by δs(f ) = f (s) for every f ∈ l∞(S). Every point evaluation is
also a mean on any subspace D of l∞(S) containing 1.
Remark 2.3. (See [4].) The following conditions on a semigroup S are equivalent:
(1) l∞(S) admits a multiplicative left invariant mean.
(2) There exists a net {δsα } which satisfies limα‖δsα − l∗t δsα‖ = 0 for each t ∈ S.
(3) Each finite set A of S has a right zero aA ∈ S, that is, xaA = aA for all x ∈ A.
Let E be a Banach space and let μ be a mean on CB(S). Let f be a mapping from S into E such that {f (t): t ∈ S}
is contained in a weakly compact convex subset of E and the mapping t → 〈f (t), x∗〉 is continuous for each x∗ ∈ E∗.
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Following [8], we denote such x0 by
∫
f (t) dμ(t) or fμ. Also fμ is contained in co{f (t): t ∈ S}.
Let S = {T (t): t ∈ S} be a non-expansive semigroup on C such that for each x ∈ C, {T (t)x: t ∈ S} is contained in
a weakly compact convex subset of C. Let the mapping t → 〈T (t)x, x∗〉 be continuous for each x ∈ C and x∗ ∈ E∗,
and let μ be a mean on CB(S). Following [22], we also write Tμx instead of
∫
T (t)x dμ(t) for x ∈ C. We remark that
Tμ is non-expansive on C and Tμx = x for each x ∈ F(S).
We say that a Banach space E satisfies Opial’s condition if for each sequence {xn} in E with xn ⇀ x, where ⇀
means the weak convergence,
lim inf
n→∞ ‖xn − x‖ < lim infn→∞ ‖xn − y‖
for each y ∈ E with y = x. We know that if the duality mapping x → {x∗ ∈ E∗: 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2} from E into
E∗ is single-valued and weakly sequentially continuous, then E satisfies Opial’s condition. In particular, each Hilbert
space and the sequence spaces lp with 1 < p < ∞ satisfy Opial’s condition (see [3] and [21]). Although an Lp-space
with p = 2 does not usually satisfy Opial’s condition, each separable Banach space can be equivalently renormed so
that it satisfies Opial’s condition (see [1] and [21]).
Let X be a subset of a vector space V . We denote by ex(X) the set of all extreme points of X. By Krein–Milman
Theorem [10], if X is a nonempty convex compact subset of a separated locally convex topological vector space, then
ex(X) = ∅ and co ex(X) = X, where coA denotes the closure of the convex hull of a set A.
3. Fixed point set and N -extreme amenability
In this section, we shall study the fixed point set of a strongly continuous non-expansive semigroup of a semi-
topological semigroup S for which CB(S) is n-ELA.
Theorem 3.1. Let S be a semi-topological semigroup for which CB(S) is n-ELA. Let C be a nonempty weakly compact
convex subset of a Banach space E and let S = {T (t): t ∈ S} be a strongly continuous non-expansive semigroup
on C. Let z ∈ C satisfy T (ai)z = z (i = 2, . . . , n) for some coset representative {a1, a2, . . . , an} of S/H, where
a1 ∈ S0 = {s ∈ S: l∗s ϕ = ϕ for all ϕ ∈ H }. If (μ0)t∈S0(‖T (t)z − z‖) = 0 for some left invariant mean μ0 on CB(S0),
then z is a common fixed point of S = {T (t): t ∈ S}.
Proof. Define f by f (s) = ‖T (s)z − z‖ (s ∈ S). Then, we have f ∈ CB(S) and Pf ∈ CB(S0) = PCB(S) by the
strong continuity of S . Suppose (μ0)t∈S0(‖T (t)z − z‖) = 0, i.e., (μ0)t∈S0(Pf (t)) = 0 for some left invariant mean
μ0 on CB(S0). Define μ ∈ CB(S)∗ by μ(f ) = 1n
∑n
i=1 l∗aiP
∗μ0(f ) for all f ∈ CB(S). Then, by Remark 2.1, μ is a
left invariant mean on CB(S).
Now, we show that (μ0)t∈S0(P lai f (t)) = 0 for all i = 1,2, . . . , n. First, for all t ∈ S0, we have
P la1f (t) = (la1f )(t) = f (a1t) =
∥∥T (a1t)z − z∥∥.
It follows from a1 ∈ S0 and the left invariance of μ0 on CB(S0) that
(μ0)t∈S0
(
P la1f (t)
)= (μ0)t∈S0(∥∥T (a1t)z − z∥∥)= (μ0)t∈S0(∥∥T (t)z − z∥∥)= (μ0)t∈S0(Pf (t))= 0.
Let i (= 1) be arbitrary fixed. It follows from T (ai)z = z that, for all t ∈ S0,
P lai f (t) = (lai f )(t) = f (ai t) =
∥∥T (ai t)z − z∥∥= ∥∥T (ai t)z − T (ai)z∥∥ ∥∥T (t)z − z∥∥= Pf (t),
and so
0 (μ0)t∈S0
(
P lai f (t)
)
 (μ0)t∈S0
(
Pf (t)
)= 0.
Thus, for all i = 1,2, . . . , n,
(μ0)t∈S0
(
P lai f (t)
)= 0.
Hence, we have
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(∥∥T (s)z − z∥∥)= (μ)s∈S(f (s))= 1
n
n∑
i=1
(
l∗aiP
∗μ0
)
s∈S0
(
f (s)
)= 1
n
n∑
i=1
(μ0)s∈S0(P lai f )(s) = 0,
that is
(μ)s∈S
(∥∥T (s)z − z∥∥)= 0. (3.1)
Let t ∈ S. Then, for all s ∈ S, we obtain∥∥T (t)z − z∥∥ ∥∥T (t)z − T (ts)z∥∥+ ∥∥T (ts)z − z∥∥ ∥∥z − T (s)z∥∥+ ∥∥T (ts)z − z∥∥ (3.2)
by the non-expansiveness of T (t). It follows from (3.1), (3.2) and the left invariance of μ that∥∥T (t)z − z∥∥ μs∥∥z − T (s)z∥∥+ μs∥∥T (ts)z − z∥∥
 μs
∥∥T (s)z − z∥∥+ μs∥∥T (s)z − z∥∥
 2μs
∥∥T (s)z − z∥∥= 0,
which implies T (t)z = z. Since t ∈ S is arbitrary, z is a common fixed point of S = {T (t): t ∈ S}. This completes the
proof. 
Theorem 3.2. Let S be a semi-topological semigroup for which CB(S) is n-ELA. Let C be a nonempty weakly
compact convex subset of a Banach space E satisfying Opial’s condition and let S = {T (t): t ∈ S} be a strongly
continuous non-expansive semigroup on C. Let z ∈ C satisfy T (ai)z = z (i = 2, . . . , n) for some coset representa-
tive {a1, a2, . . . , an} of S/H, where a1 ∈ S0 = {s ∈ S: l∗s ϕ = ϕ for all ϕ ∈ H }. Then, the following statements are
equivalent:
(i) z is a common fixed point of S = {T (t): t ∈ S}.
(ii) Tμ0z = z for some multiplicative left invariant mean μ0 on CB(S0).
Proof. It is clear that (i) implies (ii).
We prove that (ii) implies (i). Suppose Tμ0z = z for some multiplicative left invariant mean μ0 on CB(S0). Then,
there exists a net {δtα } of evaluations which is w∗-convergent to μ0, and also satisfies, for all t ∈ S0 and f ∈ CB(S0),
l∗t δtα (f ) − δtα (f ) → 0. (3.3)
Let x∗ ∈ E∗ be arbitrary and define fx∗ by fx∗(s) = 〈T (s)z, x∗〉 (s ∈ S). Then, we have Pfx∗ ∈ CB(S0) and
δtα
(
Pfx∗(t)
)= Pfx∗(tα) = 〈T (tα)z, x∗〉→ (μ0)t∈S0(Pfx∗(t))= (μ0)t∈S0(〈T (t)z, x∗〉)= 〈Tμ0z, x∗〉 (3.4)
since {δtα } is w∗-convergent to μ0. It follows from Tμ0z = z that〈
T (tα)z, x
∗〉→ 〈z, x∗〉.
Since x∗ ∈ E∗ is arbitrary, we have
T (tα)z ⇀ z. (3.5)
Let t ∈ S0 be arbitrary fixed. It follows from (3.3) that for all x∗ ∈ E∗
l∗t δtα
(
Pfx∗(s)
)− δtα (Pfx∗(s))= Pfx∗(t tα) − Pfx∗(tα) = 〈T (ttα)z − T (tα)z, x∗〉→ 0.
Since x∗ ∈ E∗ is arbitrary, we have
lim
α
[
T (ttα)z − T (tα)z
]= 0. (3.6)
Suppose T (t)z = z. Then, by Opial’s condition of E and (3.5), we have
lim inf
α
∥∥T (tα)z − z∥∥< lim inf
α
∥∥T (tα)z − T (t)z∥∥. (3.7)
Let {tαβ } be a subnet of {tα} such that
lim
∥∥T (tαβ )z − z∥∥= lim infα ∥∥T (tα)z − z∥∥. (3.8)β
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
∥∥T (tαβ )z − T (t)T (tαβ )z∥∥+ ∥∥T (tαβ )z − z∥∥.
Thus, it follows from (3.6) and (3.8) that
lim inf
β
∥∥T (tαβ )z − T (t)z∥∥ lim inf
β
∥∥T (tαβ )z − T (t)T (tαβ )z∥∥+ lim
β
∥∥T (tαβ )z − z∥∥
= lim
β
∥∥T (tαβ )z − T (ttαβ )z∥∥+ lim infα ∥∥T (tα)z − z∥∥
= 0 + lim inf
α
∥∥T (tα)z − z∥∥
= lim inf
α
∥∥T (tα)z − z∥∥,
that is,
lim inf
β
∥∥T (tαβ )z − T (t)z∥∥ lim infα ∥∥T (tα)z − z∥∥. (3.9)
On the other hand, since {tαβ } is a subnet of {tα}, we get
lim inf
α
∥∥T (tα)z − T (t)z∥∥ lim inf
β
∥∥T (tαβ )z − T (t)z∥∥.
So, it follows from (3.9) that
lim inf
α
∥∥T (tα)z − T (t)z∥∥ lim inf
α
∥∥T (tα)z − z∥∥,
which is a contradiction to (3.7). Therefore, we have T (t)z = z. Since t ∈ S0 is arbitrary, z is a common fixed point
of {T (t): t ∈ S0}.
Now, define f by f (s) = ‖T (s)z − z‖ (s ∈ S). By an argument similar to that of Theorem 3.1, we obtain
(μ)s∈S(f (s)) = 0 and also z is a common fixed point of S = {T (t): t ∈ S}. This completes the proof. 
Remark 3.3. Let ϕ =∑ni=1 λiϕi, where ϕi are distinct elements in ΔCB(S), be a left invariant mean on CB(S). Under
the same assumptions in Theorem 3.2, the following statements are equivalent:
(i) z is a common fixed point of S = {T (t): t ∈ S}.
(ii) Tϕi z = z for some i.
Note that, if a net {δtα } of evaluations is w∗-convergent to ϕi , then l∗t δtα (f ) − δtα (f ) → 0 for all t ∈ S0 and
f ∈ CB(S0). Thus, we can show that z is a common fixed point of {T (t): t ∈ S0}, and also z is a common fixed point
of S = {T (t): t ∈ S} by the same argument as Theorem 3.2.
Theorem 3.4. Let S be a semi-topological semigroup for which CB(S) is n-ELA. Let C be a nonempty compact
convex subset of a Banach space E and let S = {T (t): t ∈ S} be a strongly continuous non-expansive semigroup
on C. Let z ∈ C satisfy T (ai)z = z (i = 2, . . . , n) for some coset representative {a1, a2, . . . , an} of S/H, where
a1 ∈ S0 = {s ∈ S: l∗s ϕ = ϕ for all ϕ ∈ H }. Then, the following statements are equivalent:
(i) z is a common fixed point of S = {T (t): t ∈ S}.
(ii) Tμ0z = z for some multiplicative left invariant mean μ0 on CB(S0).
Proof. It is clear that (i) implies (ii).
We prove that (ii) implies (i). Suppose Tμ0z = z for some multiplicative left invariant mean μ0 on CB(S0),
and let {δtα } be a net of evaluations which is w∗-convergent to μ0. Then, we remark that T (tα)z ⇀ z and
limα[T (ttα)z − T (tα)z] = 0 for all t ∈ S0 by the same argument as that in Theorem 3.2. On the other hand, it follows
from the compactness of C that there exists a subnet {tαβ } of {tα} such that T (tαβ )z → z. Thus, for t ∈ S0,
T (t)z − z = lim[T (ttαβ )z − T (tαβ )z]= 0,
β
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{T (t): t ∈ S} by an argument of similar to that of Theorem 3.2. This completes the proof. 
Let S = {T (t): t ∈ S} be a non-expansive semigroup on a nonempty weakly compact convex subset of a Banach
space. Then, the function f and fx∗ defined by f (s) = ‖T (s)z − z‖ and fx∗(s) = 〈T (s)z, x∗〉 (s ∈ S) in the proof of
above theorems are contained in l∞(S). The following important cases are direct consequences of Theorems 3.1, 3.2
and 3.4 above.
Theorem 3.5. Let S be an n-ELA semigroup. Let C be a nonempty weakly compact convex subset of a Ba-
nach space E and let S = {T (t): t ∈ S} be a non-expansive semigroup on C. Let z ∈ C satisfy T (ai)z = z
(i = 2, . . . , n) for some coset representative {a1, a2, . . . , an} of S/H, where a1 ∈ S0 = {s ∈ S: l∗s ϕ = ϕ for all ϕ ∈ H }.
If (μ0)t∈S0(‖T (t)z − z‖) = 0 for some left invariant mean μ0 on l∞(S0), then z is a common fixed point of
S = {T (t): t ∈ S}.
Theorem 3.6. Let S be an n-ELA semigroup. Let C be a nonempty weakly compact convex subset of a Banach
space E satisfying Opial’s condition and let S = {T (t): t ∈ S} be a non-expansive semigroup on C. Let z ∈ C
satisfy T (ai)z = z (i = 2, . . . , n) for some coset representative {a1, a2, . . . , an} of S/H, where a1 ∈ S0 = {s ∈ S:
l∗s ϕ = ϕ for all ϕ ∈ H }. Then, the following statements are equivalent:
(i) z is a common fixed point of S = {T (t): t ∈ S}.
(ii) Tμ0z = z for some multiplicative left invariant mean μ0 on l∞(S0).
Theorem 3.7. Let S be an n-ELA semigroup. Let C be a nonempty compact convex subset of a Banach space E
and let S = {T (t): t ∈ S} be a non-expansive semigroup on C. Let z ∈ C satisfy T (ai)z = z (i = 2, . . . , n) for some
coset representative {a1, a2, . . . , an} of S/H , where a1 ∈ S0 = {s ∈ S: l∗s ϕ = ϕ for all ϕ ∈ H }. Then, the following
statements are equivalent:
(i) z is a common fixed point of S = {T (t): t ∈ S}.
(ii) Tμ0z = z for some multiplicative left invariant mean μ0 on l∞(S0).
For n = 1, we have the following corollaries:
Corollary 3.8. Let S be an ELA semigroup. Let C be a nonempty weakly compact convex subset of a Banach space
E and let S = {T (t): t ∈ S} be a non-expansive semigroup on C. Let z ∈ C. If (μ)t∈S(‖T (t)z − z‖) = 0 for some left
invariant mean μ on l∞(S), then z is a common fixed point of S = {T (t): t ∈ S}.
Corollary 3.9. Let S be an ELA semigroup. Let C be a nonempty weakly compact convex subset of a Banach space E
satisfying Opial’s condition and let S = {T (t): t ∈ S} be a non-expansive semigroup on C. If z ∈ C, then the following
statements are equivalent:
(i) z is a common fixed point of S = {T (t): t ∈ S}.
(ii) Tμz = z for some multiplicative left invariant mean μ on l∞(S).
Corollary 3.10. Let S be an ELA semigroup. Let C be a nonempty compact convex subset of a Banach space E and
let S = {T (t): t ∈ S} be a non-expansive semigroup on C. If z ∈ C, then the following statements are equivalent:
(i) z is a common fixed point of S = {T (t): t ∈ S}.
(ii) Tμz = z for some multiplicative left invariant mean μ on l∞(S).
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In this section, we shall study the fixed point set of a strongly continuous semigroup of mappings when S is a
sub-semigroup of a locally convex topological vector space with addition.
Lemma 4.1. (See [23].) Let {αk} be a sequence in (0,∞) converging to 0. Then, every non-negative real number λ
can be expressed in the form of λ =∑∞k=1 nkαk for some sequence {nk} in N∪ {0}.
Lemma 4.2. Let (S,+) be a sub-semigroup of a separated locally convex topological vector space, where + denotes
the vector addition. Let C be a nonempty subset of a Banach space and let S = {T (t): t ∈ S} be a strongly continuous
semigroup of mappings on C. Let K be a convex compact subset of S and let {αn} be a sequence in [0,1] which
converges to 0 and αn = 0 for all n ∈ N. If z ∈ C, then the following statements are equivalent:
(i) z is a common fixed point of {T (t): t ∈ K}.
(ii) z is a common fixed point of {T (αnx): x ∈ ex(K) \ {0}, n ∈ N},
where 0 is the zero vector.
Proof. We first note that S is a topological semigroup in the relative topology.
It is clear that (i) implies (ii). We prove that (ii) implies (i). Since K is a convex compact subset of a locally convex
topological vector space, it follows from Krein–Milman Theorem [10] that ex(K) = ∅ and co ex(K) = K.
Suppose T (αnx)z = z for all x ∈ ex(K) \ {0} and n ∈ N. First, we have
T (0)z = T (0)T (a1x0)z = T (0x0)T (a1x0)z = T
(
(0 + a1)x0
)
z = T (a1x0)z = z
for any x0 ∈ ex(K) \ {0}. We now claim that T (λx)z = z for all x ∈ ex(K) and λ ∈ (0,1]. Let x ∈ ex(K) and λ ∈
(0,1]. Then, by Lemma 4.1, there exists a sequence {ni} ∈ N ∪ {0} satisfying λ =∑∞i=1 niαi. For each k ∈ N with∑k
i=1 niαi > 0, we have
T
((
k∑
i=1
niαi
)
x
)
z = T (α1x)n1T (α2x)n2 · · ·T (αk−1x)nk−1T (αkx)nk z
= T (α1x)n1T (α2x)n2 · · ·T (αk−1x)nk−1z
= · · · = T (α1x)n1z = z.
It follows from the continuity of S that
T (λx)z = lim
k→∞T
((
k∑
i=1
niαi
)
x
)
z = z.
This implies
T (λx)z = z for all x ∈ ex(K) and λ ∈ (0,1]. (4.1)
Now, let t = λ1x1 + λ2x2 + · · · + λnxn, where x1, x2, . . . , xn ∈ ex(K), λ1, λ2, . . . , λn ∈ (0,1] with ∑ni=1 λi = 1.
Then, by (4.1), we obtain
T (t)z = T (λ1x1 + λ2x2 + · · · + λn−1xn−1 + λnxn)z
= T (λ1x1)T (λ2x2) · · ·T (λn−1xn−1)T (λnxn)z
= T (λ1x1)T (λ2x2) · · ·T (λn−1xn−1)z
= · · · = T (λ1x1)z = z.
Hence, z is a fixed point of T (t) for all t ∈ co ex(K). Since co ex(K) = K , it follows from the strong continuity of S
that z is a fixed point of T (t) for all t ∈ K. This completes the proof. 
We are now ready to prove one of our main theorems.
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the vector addition. Let C be a nonempty subset of a Banach space and let S = {T (t): t ∈ S} be a strongly continuous
semigroup of mappings on C. Let K be a convex compact subset of S and γ ∈ [0,1] \Q. Then we have⋂
t∈K
F
(
T (t)
)= ⋂
t∈ex(K)\{0}
F
(
T (γ t)
)∩ F (T (t)),
where 0 is the zero vector. In addition, if S is a semigroup generated by K , then
F(S) =
⋂
t∈ex(K)\{0}
F
(
T (γ t)
)∩ F (T (t)).
Proof. It is clear that⋂
t∈K
F
(
T (t)
)⊂ ⋂
t∈ex(K)\{0}
F
(
T (γ t)
)∩ F (T (t))
holds.
Suppose that
z ∈
⋂
t∈ex(K)\{0}
F
(
T (γ t)
)∩ F (T (t)).
Define sequence {αn} in [0,1] and {kn} in N as follows:
α1 = 1, α2 = γ, kn =
[
αn
αn+1
]
and αn+2 = αn − knαn+1 for all n ∈ N.
Then, it is easy to show that {αn} is a sequence in [0,1] which converges to 0 and αn = 0 for all n ∈ N [23, Lemma 3].
Let x ∈ ex(K) \ {0}. Then, by assumption, we get
T (α1x)z = T (x)z = z, T (α2x)z = T (γ x)z = z.
Suppose that T (αnx)z = T (αn+1x)z = z holds. Then,
T (αn+2x)z = T (αn+2x)T (αn+1x)knz = T
(
(αn+2 + knαn+1)x
)
z = T (αnx)z = z.
Thus, by induction, T (αnx)z = z for all n ∈ N. Since x ∈ ex(K) \ {0} is arbitrary, z is a common fixed point of
{T (αnx): x ∈ ex(K) \ {0}, n ∈ N}. Hence, by Lemma 4.2, z is a common fixed point of {T (t): t ∈ K}. Therefore, we
have ⋂
t∈K
F
(
T (t)
)= ⋂
t∈ex(K)\{0}
F
(
T (γ t)
)∩ F (T (t)). (4.2)
Suppose that S is a semigroup generated by K . For every s ∈ S, there exist t1, t2, . . . , tn ∈ K satisfying s = t1 +
t2 + · · · + tn, and so we have
T (s)z = T (t1 + t2 + · · · + tn)z = T (t1)T (t2) · · ·T (tn)z.
This implies F(S) =⋂t∈K F(T (t)). Therefore, by (4.2), we have
F(S) =
⋂
t∈ex(K)\{0}
F
(
T (γ t)
)∩ F (T (t)).
This completes the proof. 
Remark 4.4. (1) Every normed space is a separated locally convex space. More generally, every Fréchet space is
locally convex. The Lp spaces with p  1 are locally convex, but Lp with 0 < p < 1 are not locally convex. Also, the
weak topology of a Banach space or the weak* topology of a dual Banach space are locally convex topologies.
(2) The definition of an one-parameter τ -continuous semigroup of mappings in [23] is the same as that of a strongly
continuous semigroup of mappings in this paper.
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In this section, we give here some applications of Theorem 4.3.
Theorem 5.1. Let C be a nonempty subset of a Banach space and let S = {T (t): t  0} be a strongly continuous
semigroup of mappings on C. Then, for all γ ∈ [0,1] \Q,⋂
t0
F
(
T (t)
)= F (T (γ ))∩ F (T (1)).
In particular, we have⋂
t0
F
(
T (t)
)= F(T( 1√
2
))
∩ F (T (1)).
Proof. Note that (S = [0,∞),+) and K = [0,1] satisfy all assumptions of Theorem 4.3 and ex(K) = {0,1}. This
completes the proof. 
Theorem 5.1 can be expressed more generally as follows which is the result of Suzuki [23, Proposition 2 and
Corollary 1].
Theorem 5.2. Let C be a nonempty subset of a Banach space and let S = {T (t): t  0} be a strongly continuous
semigroup of mappings on C. Let α and β be positive real numbers satisfying α
β
/∈ Q. Then,⋂
t0
F
(
T (t)
)= F (T (α))∩ F (T (β)).
In particular, we have⋂
t0
F
(
T (t)
)= F (T (1))∩ F (T (√2 )).
Proof. Without loss of generality, we can assume α < β . Note that (S = [0,∞),+), K = [0, β] and γ = α
β
(α = γβ)
satisfy all assumptions of Theorem 4.3 and ex(K) = {0, β}. Therefore,⋂
t0
F
(
T (t)
)= ⋂
t∈ex(T )\{0}
F
(
T (γ t)
)∩ F (T (t))= F (T (γβ))∩ F (T (β))= F (T (α))∩ F (T (β)).
This completes the proof. 
Let G be a locally compact group. Let L1(G) be the Banach ∗-algebra of all complex-valued, integrable functions
on G, and let L∞(G) be the Banach space of all locally measurable functions that are bounded except on a locally null
set. A function of positive type on G is a function φ ∈ L∞(G) that defines a positive linear functional on L1(G). Denote
by P the set of all continuous functions of positive type on G, and let P0(G) = {φ ∈ P: ‖φ‖∞  1} ⊂ P . Then, it is
well known that P is a convex cone of L∞(G) and hence a sub-semigroup of L∞(G) with “+.” Furthermore, P0(G)
is a weak*-compact convex subset of L∞(G) which generates P . (See [2].) Hence, as a consequence of Theorem 4.3,
we have the following:
Theorem 5.3. Let G be a locally compact group. Let C be a nonempty subset of a Banach space and let S =
{T (t): t ∈P} be a strongly continuous semigroup of mappings on C. Let γ ∈ [0,1] \Q. Then we have⋂
t∈P0(G)
F
(
T (t)
)= ⋂
t∈ex(P0(G))\{0}
F
(
T (γ t)
)∩ F (T (t)).
Moreover, we have
F(S) =
⋂
t∈ex(P0(G))\{0}
F
(
T (γ t)
)∩ F (T (t)).
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(2) The convex cone P is precisely the set P(G) of continuous positive definite functions φ on G, i.e., functions
φ : G → C such that
n∑
i,j=1
ci c¯j φ
(
x−1j xi
)
 0 for all c1, . . . , cn ∈ C and x1, . . . , xn ∈ G.
The linear span B(G) of P(G) is called the Fourier Stieltjes algebra of G. It is well known that B(G) is a dual of
the group C∗ algebra of G. In the case G is abelian, B(G) is isometrically isomorphic to M(Gˆ), where Gˆ is the dual
group of G, i.e., the set of continuous characters on G with the topology of uniform convergence on compact subsets
of G. In this case, ex(P1(G)) is precisely Gˆ. Weak and weak* fixed point properties for non-expansive mappings on
closed convex subsets of B(G) have been investigated in [16,17] and [18].
Let B(H) be the set of all bounded linear operators on a Hilbert space H. Denote byM the von Neumann algebra
in B(H), that is a subset of B(H) which is closed under ∗ and equal to its double commutant. It is known thatM has
a unique predual. Let P be the set of positive operators in M, and let P0 = {T ∈ P: ‖T ‖  1}. Then, P is a convex
cone and hence closed under “+,” and P0 is a weak*-compact convex subset of B(H) generating P. Hence, as a
consequence of Theorem 4.3, we have the following:
Theorem 5.5. Let H be a Hilbert space. Let C be a nonempty subset of a Banach space and let S = {T (t): t ∈ P} be
a strongly continuous semigroup of mappings on C. Let γ ∈ [0,1] \Q. Then we have⋂
t∈P0
F
(
T (t)
)= ⋂
t∈ex(P0)\{0}
F
(
T (γ t)
)∩ F (T (t)).
Moreover, we have
F(S) =
⋂
t∈ex(P0)\{0}
F
(
T (γ t)
)∩ F (T (t)).
Let X be a locally compact Hausdorff space, and let M(X) be the Banach space of complex-valued, regular
Borel measures on X. It is known that M(X) can be identified with the dual space of C0(X), where C0(X) is the
space of all bounded continuous complex-valued functions which vanish at infinity. Let M+(X) be the set of positive
measures in M(X). Then, M+(X) is a convex cone in M(X). Let M+1 (X) be the set of probability measures μ (that
is, μ ∈ M+(X) satisfying ‖μ‖ = 1) on X. Then, M+1 (X) is a weak*-compact convex subset of M(X) generating the
semigroup (M+(X),+) and ex(M+1 (X)) = {δx : x ∈ X}, where δx is the Dirac measure at x. Hence, as a consequence
of Theorem 4.3, we have the following:
Theorem 5.6. Let X be a locally compact Hausdorff space. Let C be a nonempty subset of a Banach space and let
S = {T (t): t ∈ M+(X)} be a strongly continuous semigroup of mappings on C. Let γ ∈ [0,1] \Q. Then we have⋂
t∈M+1 (X)
F
(
T (t)
)= ⋂
x∈X
F
(
T (γ δx)
)∩ F (T (δx)).
Moreover, we have
F(S) =
⋂
x∈X
F
(
T (γ δx)
)∩ F (T (δx)).
Remark 5.7. Note that P(G) with the pointwise multiplication or M+(G) with convolution product of a locally
compact group G with the weak∗ topology are examples of semi-topological semigroups. Furthermore, the unit ball
of a von Neumann algebraM with the weak∗-topology and multiplication is a compact semi-topological semigroup.
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